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Mathematical problem

In this work, we study the steady-state ejection of a 2D po-
tential fluid (thus incompressible, irrotational, and inviscid)
along a semi-infinite channel of width A tilted at an angle 7

with the horizontal. As shown in Fig. 1, the jet forms two
free-surfaces, and is driven by the influence of gravity and
surface tension. In particular, one of our goals is to unity the
previous work of Goh and Tuck (1985), treating the case of
a horizontal nozzle, with the work of Vanden-Broeck (1984),
treating the case of a vertical nozzle. Then, this poster will ex-

plore how the angle and configuration of separation depends
on the Froude (F") and Weber (&) numbers.

By considering a uniform velocity upstream, the gravity-driv-
en tlow is expected to form a vertical jet (see Fig. 1). The
system 1s governed by Laplace’s equation, with Bernoulli’s
equation
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on the two free surfaces, for fluid velocity u and surface cur-
vature KC, along with a constant upstream velocity condition
and a fixed-wall condition. These boundary conditions are
shown in Fig. 1.

Numerical results

The jet is computed by applying a boundary integral method to

the free-surface equations and solving for the surface velocities

along a stretched grid in the potential plane. Thus at a fixed values

of F, L,y,and «,we are able to determine the jet configuration,

including the nozzle overhang, [, and the two separation angles,
As and Ags (if they are not already imposed).

In the tensionless case (a = 00), we find there exists two critical
Froude numbers, Fj;and F7, for the respective upper and lower
free surfaces, which depend on the fixed ¥ and L values. These
critical numbers determine the jet’s restricted separation values:

for F' > Fy,
tor F' = Fy,
for F' < Fy,

A =

[3]
tor F' > F7,
tor F' = F7,
tor F' < F7,
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with F, = 0 for v < 7/3. In the tension case (o # 00), the sepa-
ration angles are seen to continuously decrease from 7 (tangen-
tial) to 7y (horizontal) as F' decreases.

Discussion

Our Fig. 2 serves as the main result of this work: by allowing for general
nozzle inclinations, we are able to unify the previous horizontal and ver-
tical formulations for a gravity-driven jet. Our work indicates how the
separation angles for each surtace depends on the chosen nozzle contig-
uration and Froude number. Like the previous analyses, our numerical
results indicate a critical Froude number (distinct for each surface)
where the separation angle changes abruptly in the case of zero surface
tension.

However, the situation is perhaps not as straightforward as it seems.
Note that for each v, a chosen L-value (the overhang length in the po-
tential plane) is associated with a physical overhang, [, but only a posterior..
In an inverse manner, for a specified [-value, we are able to find a bound-
ing Froude number, Fy, corresponding to a free-separation. It is further-
mortre found that if the Froude number is reduced, F' < Fpy, then the asso-
ctated physical overhang must also reduce. The study of this ‘back-tflow’
phenomenon 1s non-trivial due to the inverse nature of the formulation,
but it raises the question of how the steady-states in this work are select-
ed from a time-dependent model.

It 1s also found that the addition of surface tension into the model regu-
larises the profile of the separation angles, thus allowing for a smooth
transition from 7 to ¥ [see Chandler (2016) for more details]. This type
of singular perturbative effect, due to small but finite surface tension, is
reminiscent of the classic Saffman-Taylor viscous fingering problem,;
the asymptotic analysis of the & — 00 limit for our jet-separation prob-
lem is the subject of ongoing work.
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Fig. 1: Sketch of the
angled jet model.

Analytical results

A local analysis of Bernoulli’s equation near the two separa-
tion points [c.f. Vanden-Broeck (2010)] shows that, for zero
surface tension (o = 00), the upper and lower free-surfaces
must separate according to one of three possibilities:
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Which scenario will depend on the particular Froude number.
In the case of non-zero surface tension (a # 00) there is no
discrete restriction on the separation angles, and the angle
may take some value between (0,27). In general, this selec-
tion mechanism must be determined numerically from the

global flow.

Visualisation of results

For each fixed value of L (overhang distance in the potential plane), we are able to find the variation in the critical

values Fy and Fp, as 7y changes. Then, in turn, we are able to use [3] to plot the separation angles. The L = 1 case is

shown below, with the red/orange regions corresponding to Ag values and blue/green regions corresponding to Ag

values.
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Fig. 2.1: Configuration with separation
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Fig. 2.2: Contiguration with separation

*As =7 (horizontal)
*A\s» = T (tangential)
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* A\g = T (tangential)
* \g» = 27 /3 (critical)
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Fig. 2.4: Configuration with separation
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angles:
* As = 7 (horizontal)
° \g/ = 27’(’/3 (critical)
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Fig. 2.5: Configuration with separation

21 /3 (critical)
e A\sr = 2m/3 (critical)

Fig. 2.6: Configuration with separation
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Fig. 2.3: Contiguration with separation



